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81. Introduction

Let S(n),n > 0 with S(n) = S(n — 1) + S(n — 2) be a Smarandache-Fibonacci triple, where
S(n) is the Smarandache function for integers n > 0. Particularly, let S(n) be F(n) or L(n),

we get the Fibonacci or Lucas sequence as follows:

A Fibonacci sequence
1,1,2,3, 5,8, 13, 21, 34, 55, 89, 144, 233,--- , F,,---
is defined by the recurrence relation
F,=F, 14+ F,—2, (n>3),

with Fy = F», = 1, where F,, is the n-th term of the Fibonacci sequence (F,) (Leonardo
Fibonacci, 1202). The Fibonacci sequence is named after Italian mathematician Leonardo of
Pisa, known as Fibonacci. The name “Fibonacci Sequnce” was first used by the 19th- century

number theorist Edouard Lucas. Some recent generalizations for the Fibonacci sequence have
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produced a variety of new and extended results, [1],[5],[6],[9],[13].
A Lucas sequence
2,1, 3,4, 7, 11, 18, 29, 47, 76, 123, 199, 322,--- , L,,, - --
is defined by the recurrence relation

Ln = Lnfl + Ln72 y (n = 3)7

37

with L1 =2, Ly = 1, where L,, is the n-th term of the Lucas sequence (L,,) (Frangois Edouard

Anatole Lucas, 1876). There are a lot of generalizations of the Lucas sequences,[15],[16],[17].

The generalized Fibonacci sequence defined by

H,=H, 1+ Hy, 2, (n = 3)

(1.1)

with Hy = p, Hy = p+q where p, ¢ are arbitrary integers [3]. That is, the generalized Fibonacci

sequence is
p,p+q, 2p+q, 3p+2q, 5p+3q, 8p+5q,-+ ,(p—q)Fn + qFnir, -
Using the equations (1.1) and (1.2) , it was obtained

HnJrl - an +pFn+1
Hyio=pF,+ (p+q) Fns1.

For the generalized Fibonacci sequence, it was obtained the following properties:

H? | +H=(2p—q)Hop1—eFop_1,

Hr21+1 —Hi 1 = (2p = q)Han — € Fon,
H, 1H,1 — H?=(-1)"e,
Hypiyp = Hy A Fr+ HyFoy (0> 3)
Hpyiy Hygir — Hiyy = (Z1)" e B2,
Hj +eF. =pHonii,
Hy Hyj14r — Hyes Hygrgsi1 = (—1)" e FyFrypoqa
[2Hn1Hpyo] ® + [HyHyis) ? = [2Hnp1 Hogz + Hi ) 2

HnJrr + (_1>THn7T
Hy,

— Lr41 + (—I)TFT71

where e = p? — pq — ¢°.

(1.2)

(1.3)
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Also, for p=1, ¢ =0, we get the following well-known results:

Fﬁ_l + F,f = Fy,—1, (Catalan), (1.13)
Fo 1 F,1 — F?>=(-1)", (Simpson or Cassini), (1.14)
F2 |+ F2=Fs,q1 (Lucas). (1.15)

In this paper, we will define the generalized Lucas, the generalized complex Lucas and the

generalized dual Lucas sequences respectively, denoted by G,,, C,,, D, .

82. Generalized Lucas Sequence and Lucas Vectors

In this section, we will define the generalized Lucas sequence denoted by L,,. The generalized
Lucas sequence defined by
L,=L,-14+L,2, (n>23), (2.1)

with L; = 2p — ¢, Ly = p + 2q where p, g are arbitrary integers,[3]. That is, the generalized

Lucas sequence is
2p—q,p+2q,3p+q, 4p+3q,Tp+4q,11p+7q, -, (P —@)Ln+ qLns1, -+ (22)
Using the equations (2.1) and (2.2) , we get

LnJrl - an +an+1 5

(2.3)
Lnt2 =pLn+ (p+q) Lnta.
Putting n = r in (2.3) and using (2.1), we find in turn
L,y3= (219 +4q )Lr-i-l + (p + Q) L, =H3L,11+ HoLy
(2.4)

Lr+4 = (3p—|— 2q) LT+1 + (2p + q) LT = H4Lr+1 + HgLT

So, in general, we have obtain relations between generalized Lucas sequence and generalized

Fibonacci sequence as follows:
Ly =Hp 1Ly +HpLyy1 (2.5)
Also, certain results follow almost immediately from (2.1)
Lpt2 —2L, —L,—1 =0, (2.6)

Lyt — 2Ly +Ly_y =0, (2.7)
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n—1
Z Loit1 =Lon — (2p —q),
i=0
ZL% =Lony1 — (p+29),
i—1

D (Laic1 —Lagi) = —Lon1 —p+34q.
i—1

For the generalized Lucas sequence, we have the following properties:

L2, +1L2 = (2p—q)(Lap—2 + Lay) —er (Lan—2 + Lan),
L2,y —L2_; =(2p—q)(Lans2 — Lon—2) — er, (Lapta — Lon_2),
Ln—l ]Ln-i-l — }Li =5 (_1)n+1 er, ,

L2, +ep L2 = p(Lony2 + Lay),

where ep, = p? —pq — ¢>.

Theorem 2.1 If L, is the generalized Lucas number, then

li I[Jn—i-l _ yyes + q
im = ,
n—oo L, qa+(p—q)

where o = (1 +v/5)/2 = 1.618033 - - - is the golden ratio.

Proof We have for the Lucas number L,,,

Ly,
lim o

)
n—oo n

where
a=(1+V5)/2=1618033- -

is the golden ratio [12].

Then for the generalized Lucas number L,,, we obtain

hm LnJrl _ hm anJrl + an _ P + q
n—oo L,  n—ooc qLyy1+(P—q)Ln  qa+(p—q)

39

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Theorem 2.2 The Binet’s formula® for the generalized Lucas sequence is as follows;
L,=(aa"+3p") (2.17)
where &= a2p—q)— (p +2q), f= (p+2q) —B2p—q).
Proof The characteristic equation of recurrence relation L, 4o = L,41 + L, is
t?—t—1=0. (2.18)

The roots of this equation are

(2.19)

wherea+5=1, a—F=+5, af=—1.
Using recurrence relation and initial values Ly = (2p — ¢), L1 = (p + 2¢q) the Binet’s

formula for L,,, we get

L,=Aa"+Bp"=[aa"+33"], (2.20)
where
A= Ll—ﬂLo OéLo—Ll
a—p 77 a-p
anda=ap—q)— (p+2q), = @pP+2¢9-82p—q). O

A generalized Lucas vector is defined by
—
Ln = (Ln 5 Ln-{-la Ln+2)
Also, from equation (2.2) it can be expressed as
— — —
Ly :(p_Q)Ln+an+1 (221)

where f)n = (Lpn, Lyny1, Lpyo) and fn+1 = (Lp+1, Lnta, Lnts) are the Lucas vectors.

The product of IL: and X\ € R is given by

— — I e
ALn = (>\an )\Ln+1; A]LnJr2)

2Binet’s formula is the explicit formula to obtain the n-th Fibonacci and Lucas numbers. It is well known
that for the Fibonacci and Lucas numbers, Binet’s formulas are

a — 3"
Fy = 5
a—p
and
L, = a” +ﬁn

respectively, where a+3=1, a—3=+5, af = —1 andox:(l—l—\/g)/27
B=(01-v5) /2,01,
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— —
and L, and L, are equal if and only if

L, = L,
LnJrl - ILlerl
H471-{-2 = I[4771—1-2-

— — — —
Theorem 2.3 Let L, and Ly, be two generalized Lucas vectors. The dot product of L, and Ly,

is given by

e 9
<Ln7 IL4m> = P (5 Fn+m+3 + Ln Lm)

+pq [2 Lytm—1+10 Frpmqa ]

+¢*(5 Fygmt1 + Ln—1Lp—1). (2.22)

Proof The dot product of ]L: = (Ly, Lyg1, Lnyo) and
—
Lm = (Lm, L1, Liny2)  defined by

<H:, L_n:> = LpLy + Lop1 L1 + Lp ol go.
Also, using the equations (2.1), (2.2) and (2.3), we obtain
L Lin = p* (Ln Lim) + pq[LnLm-1 + Ln—1 Lin] + ¢* (Ln—1 Lm—1), (2.23)
Lot1 L1 = p* (Lnt1 Ling1) + P q[Lont1 Lin 4 Lo Linta] + ¢ (Ln Lin), (2.24)

Ln+2 ILlm+2 - p2 (Ln+2Lm+2) + pq [Ln+2Lm+1 + Ln+1Lm+2]
+q2 (Ln-i-le-i-l)'

Then, from the equations (2.23), (2.24) and (2.25), we have

(2.25)

<I[Tx:, Hjn)> = p?(LnLy + Lns1Lmg1 + LogoLpia)
+(q) [LnLm—1 + Ln—1Lm + Lyy1 L + Ly Lin g
+Lyy2Lmi1 + Lng1 Li2)
+¢? (Ln-1 Lim—1 + Loy L + Lnt1 Lins1) (2.26)
=p*(5 Fuymis + LnLm)
+(®q) [10Fnm+2 + 2 Lyjm—1]
+¢*(5 Fugmi1 + L1 Lin—1) .
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Case 1. For the dot product of the generalized Lucas vectors IL:]> and E}HH, we get

— —
<Ln; Ln+1> - LnLn+1 + ILln+1Ln+2 + Ln+2Ln+3
= p2 [5 F2n+4 + LnLnJrl]

(2.27)
+(pq) [10 Fopt3 + 2 Loy |
+¢*[5 Fonqa + Lyp—1 Ly)
and
— —
<LH’LH> = (Ln)2 + (Ln+1)2 + (Ln+2)2
=p*[L} + L}y + L7 o] (2.28)

+(rq)[2LpnLy—1+2Lpy1Ly +2Lyyolyi]
+q*[ Loy + Ly + L7 4.

Then for the norm of the generalized Lucas vector, using identities of the Fibonacci numbers

L%+1 +L721 = 5F2n+1
L31+1 _L721—1 = 5l
Ly~ L = Lp—1Lpyo
L,L,, + Ln+1Lm+1 =5 Fn+m+1

we have
— 2 — —> 9 9 5
Ln :<H4n7Ln>:Ln +Ln+1 +H4n+2
= p* [5 Fanss + L2]
+(pq) [2 Font2 +2 Ly L] (2.29)

—|—q2 [5 F2n+1 + L2 ] .

n—1

Case 2. For p =1, ¢ =0, in the equations (2.26), (2.27) and (2.29), we have

— —
<Ln7Lm> - [5Fn+m+3 + Ln Lm] 5
—_— —
(LoLai) = [5Fonsa+ Lo L]
and
-
’}Ln =/5 Fonis + L2

Theorem 2.4 Let H:,) and Hjn) be two generalized Lucas vectors. The cross product ofl[:]> and
—
Ly, is given by

= T n 2 2N (e
Ly XLy =5(=1)" Froern (0" —pq—q°) (1 + 7 — k). (2.30)
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— —
Proof The cross product of L,, x L, defined by

) j k
— —
L,xL, =

n ILln+1 Ln+2

L
Ly Lmt1 L2 (2.31)

=1 (Ln+le+2 - IL4n+2Lm+1)
+.] (Ln+2Lm - Lan+2) + k (LanJrl - LnJrle) .

Now, we calculate the cross products. Using the property L, Lm+1—Lnt1Lm =5(=1)" Fpp

we get
Lpy1Liny2 —Lpgo2 Ly = 5 (_1)nFm*n (p2 —pPq— q2) =5 (_1)nmen €L, (2-32)

I[171—1-2 Lm - Ln H47n-i-2 =95 (_1)nFm—n (P2 —Dpbq — q2) =5 (_1)nFm—n €r, (233)

and

LpLpmy1—Lpt1 Ly =5 (_1)n+1Fm—n (p2_p q_q2) =5 (_1)n+1Fm—n er -

(2.34)
Then from the equations (2.32), (2.33) and (2.34), we obtain the equation (2.30).
Case 3. For p =1, ¢ =0, in the equation (2.30), we have
—  —
Ly X Loy = 5(=1)"Fpp (i + § — k).
O

Theorem 2.5 Let IL:, IL—>m and I[Tk) be the generalized Lucas vectors. The mized product of these
vectors 1s

<—$ X Lo Jfﬁ> =0. (2.35)

Proof Using IL: = (Lk, Lgt1, Lrt2), we can write,

Ln I[Jn—i-l I[171—1-2
— —  —
< n X Ly , k> = ILlm ILMnJrl Lm+2
Lr  Lig41  Ligye
(2.36)
= Lp (Lm+1 L2 — Ling2 Ligy1)
‘HLnJrl (Lm+2 Lk - ILMn Lk+2) + Ln+2 (Lm ILch+1 - ILlerl Lk) .
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Also, using the equations (2.32), (2.33) and (2.34), we obtain

L, (Lyt1 Lo — Lo Lgg1)  +Lpgr (Ligo Lk — Ly, Liyo)
+ Ly (L Lggr — Lg Ly 1)

= 5(=1)"Fy—mer (L, +Lyy1 —Lpio)

= 5(=1)™ Fp_mer (Lppa — Lpga) = 0.

(2.37)

Thus, we have the equation (2.35). O

83. Generalized Complex Lucas Sequence

In this section, we will define the generalized complex Lucas sequence denoted by C,,. The

generalized complex Lucas sequence defined by
C,=L,+iL,41, (3.1)

with Co = (2p—q) +i(p+2q), Ci =(p+2¢) +iBp+q), C2=0Bp+q) +i(dp+30q),
where p, g are arbitrary integers. That is, the generalized complex Lucas sequence is

(2p—q) +i(p+2q), (p+29) +iBp+q), Bp+q) +i(dp+3q),

(4p+3q) +i(Tp+4q), ..., (p—q+iq)Ln+ (q¢+ ip)Lny1,...

Case 1. From the generalized complex Lucas sequence (C,) for p =1, ¢ = 0 in the equation
(3.2), we obtain complex Lucas sequence (Cy,) as follows:
(Cn) + 2+4,14+43,34+i4, 4447, , Lp+ iLpi1, - .

For the generalized complex Lucas sequence, we have the following properties:

C2+C, =[2p—q)+ilp+29)](Con2+Csyp)

(3.3)
—(2+i)er (Lan—2+ Lan ),
C2,+C, =[2p—q@+ilp+29)](Cany2+Con2) (3.4)
—(2+4+1i)er (Lant2+ Lon—2),
Cn1Chy1 —C2=5(-1)"" (2 4+ i) er, (3.5)

CZo+(2+i)er L2 =[(2p+q)+ (Cony2 +Cayn), (3.6)
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where ec = (2 +1i)er.

84. Generalized Dual Lucas Sequence

In this section, we will define the generalized dual Lucas sequence denoted by DZ. The gener-

alized dual Lucas sequence defined by
DL =L, +eLlni1, (4.1)

with DF = (2p—¢q) +e(p+2q), Df = (p+2q) + e (3p+4q) where p, q are arbitrary integers.
That is, the generalized dual Lucas sequence is

(2p—q) +eBp+q), (p+2q) +e@Bp+q), Bp+q) +e(dp+3q),
(dp+3q)+e(Tp+44q), (Tp+4q)+ c(11p+7q), (4.2)
o, (p—q+eq)Ln+ (¢+ ep) Lpyr,---

Using the equations (4.1) and (4.2) , we get

DL =(p—q+eq)Ln+ (g+ep)Lpt1,
DL = (qg+ep)Ln+[p+e(p+ q)] Lo, (4.3)

DEy=[p+e(p+ ¢)]La+[(p+q)+e(2p+ q)]Lns1.

Case 1. From the generalized dual Lucas sequence (DZ) for p = 1, ¢ = 0 in the equation

(4.2), we obtain dual Lucas sequence (DZ%) as follows:
(DEY © 246, 14+3¢, 344e, 4+7e, T+11e, 114+18¢,---, Ly, + € Lpyq,---
For the generalized dual Lucas sequence, we have the following properties:

(DLY? + (DL_))? =[(2p—q) + e(p+2q)]DE,_, + DL,
—ep (Lan—2 + Lay) ,

DE,)P—D5)? =[2p—q) +c(p+29 DL, +DE,

—ep (Lant2 — Lon—2),

(DL )2+ ep Ln> = [p+ e(p+ q)]DXopy2 + DE, (4.6)
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Dvli T + (_1)TD1LL/—T
+ DL = L’I" ) (48)

n

where ep = (1+¢)er.

Case 2. From properties of the generalized dual Lucas sequence (DZ) for p =1, ¢ = 0 in the

equations (4.4) - (4.8), we obtain dual Lucas sequence (DL) as follows:

(DEY? + (Df_1)> =2+ e)Df, 5+ D3, — (1+ €) (Lon—a + Lay), (4.9)
(Dra)® = (D7) = 2+ €) Dgpya + Dy = (1+ €) (Langa — Lan-a) (4.10)
(D) + (14 €) Lp® = (1 + €) (D342 + D3y,) s (4.11)

Dy Dy — (DF)? =5(=1)""" (1+¢), (4.12)

Drlz/ T + (_1)TD7I£—T
+ BT =L,, (4.13)

Theorem 4.1 If DL is the generalized dual Lucas number, then

i Dy (pg) o+ (p*— pa+ ¢*)a+ (pg—q¢?)
n—oo DL 22+ 2q(p—q)a+ (p—q)?

)

where o« = 1.618033 - - -

Proof For the generalized dual Lucas number DX, we obtain
lim Dy — lim (p—q+eq)Lni1+ (g +ep)Lnio
n—co DF n—oo (p—q+eq)Ln+(q+ep)Lnt

(p* — pq + ¢*)LLys1 + (pg — ¢*)L2 + pgL?

= lim
n—0o0 q2Li+1 +2q(p — @) LnLnt1+ (p— q)%L3
+ lim 5(=1)"(p* — pg — ¢*)
n—oo q2L721+1 +2q(p — @) LnLnt1 + (p— ¢)* L3

_ e+ —pat ot (pa—q’) (4.14)

?a? +2q(p — g)a + (p — q)?

where Ly, yo = Lyy1 + Ly.
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Case 3. For p =1, ¢ =0 in the equation (4.14), we obtain

Theorem 4.2 The Binet’s formula for the generalized dual Lucas sequence is as follows:

DL = (a o™+ 36" (4.15)

where &= (p—q+cq)+alg+ep) andB=(p—q+eq)+pB(qg+p).

Proof 1If we use definition of the generalized dual Lucas sequence and substitute first

equation in footnote, then we get

D =(p—q+eq)Ln+(qg+ep)Lnpr
=(p—q+eq) (@ +8")+ (g+ep) (@™t + 4"

(4.16)
=a"(p—q+eq+aqt+acp) +5"(p—qt+eq+pBq+pep)
=aa" + B p".
where &= (p—q+¢eq)+a(g+ep) and B=(p—q+cq)+B(q +cp). O
85. Generalized Dual Lucas Vectors
A generalized dual Lucas vector is defined by
—
Dk = (Dle ) D7L1+1a D7L1+2)
Also, from equations (4.1), (4.2) and (4.3) it can be expressed as
- — —
DY =L,+ely
— — (5'1)

=(p—-qg+eqLo+(¢+ep)Lnpa

— —
where L, = (L, , Lyy1, Lpg2) and Ly, = (L, Ly, Lpta) are the generalized Lucas vector
and the Lucas vector, respectively.

—

The product of DY and A\ € R is given by
—L) — —_—
ADy = AL, +eALlnt
— —
and DY and DY are equal if and only if

L, = L,
LnJrl = ILlerl

Ln+2 - ILlm+2
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Some examples of the generalized dual Lucas vectors can be given easily as:

.
D} = (Df, D%, D)

= (Lq, Lo, Lg) + (Lo, Ls, Ly)

=(+29) +eBp+q), Bp+q) +e(4p+3q), (4p + 3q) + &(Tp + 4q))

.
D% - (L27 ]L37 L4) + E(L37 ]L4; L5)
=(Bp+q) +e(dp+3q), (4p + 3q) + &(7Tp+4q), (Tp + 4q) + e(11p + 18¢))

— — —
Theorem 5.1 Let DY and DY, be two generalized dual Lucas vectors. The dot product of DY

—
and DY is given by

<1D7§, ]D>_§n> = P?[(Ln Lo + 5 Fosmss) + €(Ln Ling1 + Lost Ly + 10 Fppmia) ]
+pq[(5 Lntm + 10 Fypm2)
+&(Ln1 L + Ly Lyp—1 + 10 Fyy—1 + 20 Fyymys) | (5.2)
+¢*[(Ln—1Lm—1+5Fyymi1)
te(Ly_1 Ly + Ly Lin—1 + 10 Fpymao) ]

.
. Proof The dot product of DY = (DL, D£+ L Dﬁﬂ) and
]D)lIrJn = (Dvl;zu DﬁH_la D7I;1+2) defined by

oL ML LTL L mL L mL
<Dn7 Dm> = Dan + Dn—i-le—i-l + Dn+2Dm+2
— — _— —_—
- <Ln7Lm> + 5[<Lnuﬂdm+l> + <Ln+luLm>]

where IL:]> = (L, , Lpt1, Lpyo) is the generalized Lucas vector. Also, the equations (2.1), (2.2)
and (2.3), we obtain

—_ — 9
<Ln7 ILm> = p (Ln Lm +5 Fn+m+3)
+q2(Ln—l Lm—l +5 Fn+m+1)

— — 9
< ns IL'm+1> = D (Ln Lerl + 5 Fn+m+4)
+9q (5 Fopme1 + 10 Fyimas + L1 L) (5.4)
+q2 (Lnfl Lm + 5 Fn+m+2) 3

and
—— 9
<Ln+1; IL4m> = D (LnJrl Lm + 5 Fn+m+4)
—|—pq(5 Fn+m71 + 10Fn+m+3 —|—Ln mel) (55)
+q2 (Ln mel + 5 Fn+m+2)
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Then from equation (5.3), (5.4) and (5.5), we have the equation (5.2). O

— —_—
Case 1. For the dot product of generalized dual Lucas vectors D} and DY, we get

= <H:,m> + 5{<E:7Ln+2> + <Ln+17Ln+1>}
= p?[(Lyp Lps1 + 5 Fopya)

+&(Lp Lypto+ L1 L1 + 10 Fopgs) |
+pq[(5Lyp Ly + Lypp—1 L1 + 10 Foypy3)
+e(Lnt1 Lnta + 5 Fop + 10 Foppg) |

+@?[(Lpn—1 Lp + 5 Fopi2)

+&(Lp-1Lpt1+ Ly Ly, + 10 Fop13) ]

—L> L LmL L L L L
<Dn7 Dn+1> = DnDn+1 + ]D) +1Dn+2 + ]D)n+2Dn+3

and N
(DE,BE) = (BE)? + (L) + (DL,
—  — —  —

= <H4n ) Ln> +25<Ln ’ LI]+1>
= pQ[(Ln Ln + 5 F2n+3)
+2e(Ly Lng1 + 5 Fonya) ]
+pq[(5 Fan + 10 Fopy2)
+2 E(Ln Ln + Ln,1 Ln+1 + 10 F2n+3)]
+¢*[(Ln—1 Ln—1 + 5 Fany1)
+2 E(Ln_l Ln +5 F2n+2)] .

Then for the norm of the generalized dual Lucas vector 3, we have

— e
IPE[ =/ [(PE.DE)] =/ [@5)? + (DE.)* + (L)

=\/P*(Ln Ly + 5 Fany3) + pq(5 Fan + 10 Fapi2)

AP Lp—1Ln—1+5Foni1)] (5-8)
+/2e{p?(Ln L1+ 5 Fanya) + q(Lyy Ly + L1 Lyg1 4 10 Fanys)

/P (Ln—1Ln +5 Fopy2)}.

Case 2. For p =1, ¢ =0, in the equations (5.2), (5.6) and (5.8), we have

—_— —
<D§, Dg> = [(Lp Lin + 5 Fpymas) + €(Ln Lins1 + Lyt1 Ly + 10 Frysa) ],

3Norm of dual number as follows ([2], [14]):

1
HTA)H =va+ea*=+va+tea*——,A=a+cea”
2v/a
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PN
<Dn ) Dn+1> = [(Ln Ln—i—l + 5 F2n+4) + E(Ln Ln+2 + Ln—i—l Ln+1 + 10 F2n+5)]

and

= V(LnLn+5F213) +26(Lp Lyt +5Fonya)

(Ln LnJrl + 5 F2n+4)
\/(Ln Ln +5 F2n+3)

(Ln Ln + 5F2n+3) +e€

— — —

Theorem 5.2 Let DL and DY, be two generalized dual Lucas vectors. The cross product of D%
—

and DY is given by

—  —

DE x DL =5(-1)"" F, ., (1+e)er (i +35— k). (5.9)

g — — - — —
Proof The cross product of DY = L, + e L,+1 and DX =L, + Ly, 41 defined by
_i’ —L) —_— — —_ — — —
Dy xDy = (Ly X Lyy) +e(Ly X Ling1 + Log1 X L)

— —
where L, is the generalized Lucas vector and LL,, X Ly, is the cross product for the generalized
— —
Lucas vectors L, and L,,.
— — — e —
Now, we calculate the cross products L, x Ly, Ly x Ly 41 and
— —

Ln+1 X Lm:
Using the property Ly Lmt+1 — Lnt1Lm =5 (—1)" Fp—pn, we get

— —
Ly XLy =5(=1)"""F, _,(i+j—k)er, (5.10)
— —
Ly X Liny1 =5(=1)"" Fp o 1(i+5 —k)er, (5.11)
and
—_— —
Lyi1 XLy =5(=1)""F,_, 1(i+j—k)er. (5.12)
Then from the equations (5.10), (5.11) and (5.12), we obtain the equation (5.9). m

Case 3. For p =1, ¢ =0 in the equations (5.9), we have
—_— —
DE x DE = 5 (—1)™1 Fyy_y (1 +2) (i +j — ).

— — —
Theorem 5.3 Let DY, DY and DY be the generalized dual Lucas vectors. The mized product

of these vectors is

—_ = —
<JD>§ x DY D§> =0. (5.13)
Proof Using the properties
—L’ —L’ — — —_— —  —  —
Dy xDy = (Ly XLy ) 4+e(Ly X L1 + Logt1 X Liyy)
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and
—L) — —
Dy = Lx + € L4,

we can write,
- - 7 — — — — — =
(Dk x DY, DE) = (Lo x L, L) + £ [(L % Lan, T )
—_ — — —_— - —
+ (L % Lontt, L) + (Lot % Lan, T ).
Then using equations (5.10), (5.11) and (5.12), we obtain

_
<(i+j —k), Lk> = Ly + Lyxq1 — Lyqo =0,

—
<(i +3j—k), Lk+1> =Lygy1 +Lyyo —Lyxy3=0.

Thus, we have the equation (5.13). O
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